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We prove the conjecture made by Bjarne Toft in 1975 that every 4-chromatic graph con-
tains a subdivision of K4 in which each edge of K4 corresponds to a path of odd length. As
an auxiliary result we characterize completely the subspace of the cycle space generated
by all cycles through two fixed edges. Toft’s conjecture was proved independently in 1995
by Wenan Zang.

1. Introduction

Hajés’s conjecture says that every k-chromatic graph contains a subdivision
of the complete graph Kj. It was verified for k=4 by Hadwiger [4], Dirac
[3] and that result also follows from an earlier result of Wagner [13]. Hajos’s
conjecture was disproved for each k> 7 by Catlin [2]. For k=4, Toft [12]
suggested the extension mentioned in the abstract.

Partial results on Toft’s conjecture are surveyed in [6]. A recent elegant
argument based on Kempe chains due to Jensen and Shepherd [5] verifies the
conjecture for 3-degenerate graphs, that is, graphs in which each subgraph
has a vertex of degree at most 3. A general result in [10] says that, for every
natural number k, there exists a natural number f(k), such that every graph
of chromatic number at least f(k) contains a subdivision of K} such that
each edge in K} corresponds to a path in the subdivision of any prescribed
parity. As pointed out in [10] Toft’s conjecture is particularly interesting in
this connection.
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The strategy of the present proof is the following. First we reduce the
problem to the 3-connected case and we focus on a vertex vy in any 3-
connected, 4-chromatic graph G. We let N(vg) denote the subgraph of G
induced by the neighbors of vg. If N(vg) has two independent edges ey, es,
then we try to find an odd cycle C through e; and es. Then C' together with
vy and three edges from vy to C form a totally odd Kj-subdivision, that
is a K4-subdivision in which each edge of K4 corresponds to an odd path
in the subdivision. In the following we call such Ky-subdivision a TOKS.
Moreover, if the three paths in the TOKS incident with vy have length 1,
then we say that vy is of type 1 in G. In order to establish the existence
of C' (in a minimal counterexample to Toft’s conjecture) we therefore first
consider the general problem of finding an odd cycle through two prescribed
independent edges e, e in a graph H. For this we consider the cycle space
Z(H). Bondy and Lovasz [1] showed that, if A is a set of k vertices in H and
H is (k+1)-connected, then the cycle space Z(H) is generated by all those
cycles in H which contain A. So, if H is nonbipartite, then H has an odd
cycle through A. McCuaig and Rosenfeld [8] proved that, if H is 3-connected
and ej, ey are two edges in H such that H —{ej,es} is nonbipartite, then
H has a cycle through {ej,es} of any prescribed parity. They also pointed
out that their result cannot be derived in the same way as the parity result
of Bondy and Lovész [1] since the cycle space Z(H,e1,es) generated by the
cycles in H through ey, ey is distinct from Z(H). However, we calculate the
dimension of Z(H,ej,es) for any graph H and we show that it is big enough
to imply not only the result of McCuaig and Rosenfeld but also its extension
to subdivisions of 3-connected graphs. We also get a polynomially bounded
algorithm for finding an odd cycle through any two prescribed edges. A third
immediate consequence is Lovasz’s result [7] that a 3-connected graph has
a cycle through any set of three independent edges that does not separate
the graph.

Returning to the above smallest counterexample G to Toft’s conjecture,
we must also treat the case where N(vp) has no two independent edges.
We may assume that N(vg) has no 3-cycle. Then N(vg) has a vertex wp
such that N(vg) —wo has no edge. We delete vy and identify all vertices of
N (vg)—wyp into a new vertex v1. The resulting graph G is 4-chromatic. By
the minimality of G, the graph G contains a TOKS. We seek a TOKS in
(1 such that vy is of type ¢, that is vy has degree ¢ where ¢ is 0 or 2. Clearly,
this would imply that vg is of type 0 or 2 in G. If the TOKS in G| cannot
be chosen such that v; is of type 0 or 2, then we would like v; to be of type
1. This is not always possible. However, we demonstrate the existence of a
closely related configuration which guarantees the existence of a TOKS.
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2. Terminology and preliminaries

If G is a graph, then V(G) and E(G) denote the sets of vertices and edges,
respectively. An edge e =xy is said to join x and y, and x, y are the ends
of e. We also say that z and y are neighbors. If A, BC V(G), and = € A,
y € B we also say that e joins A and B. A path P:xgz1...7, is a graph with
distinct vertices xg, x1, ..., , and edges xox1, T1T2, ..., Tp_1Ty. We say
that x¢ and z,, are the ends of P and that P is a path from xy to x,. If
ACV(@), BCV(G), ANB=0, then a path from A to B is a path P from
a vertex zo in A to a vertex z, in B such that V(P)N(AUB) ={zg,z,}.
The parity of P is the parity of its length n. If we add the edge x,xq to P,
then we obtain a cycle or an (n+1)-cycle C. The parity of C' is the parity
of its length n+1. If a, b, ¢, d, ... are vertices on C, then Cfa,b] denotes the
path in C' which has a, b as ends and contains none of ¢, d, .... (Sometimes
we abuse this notation slightly when it is clear which path from a to b in
C we are thinking of.) Two edges e, es are independent if they have no
end in common. The number of neighbors of a vertex x in a graph G is the
degree of . We denote by N(z) the subgraph induced by all neighbors of
z. If ACV(G)UE(G), then G— A is the graph obtained by deleting A and
all edges incident with vertices of A. If A consists of one element f we write
G — f instead of G—{f}. If H is a subgraph of G and v is a vertex in G but
not in H, then H+v denotes H, v and all edges in G from v to H. We also
write G — H instead of G-V (H).

If H is a graph, then a subdivision of H is a graph obtained from H by
inserting vertices of degree 2 on the edges of H. V(H) is the set of branch
vertices of the subdivision. An odd subdivision of H is a subdivision in which
each edge of H becomes an odd path. A TOKS is an odd subdivision of Kj.
We shall extend the notion of an odd subdivision slightly. If v is a vertex of
H and we replace v by two vertices v1, vo such that each edge vu becomes
an edge viu or veu and, in addition, we add an even v; — vy path, then the
new graph is also called an odd subdivision of H. Note that the property
of containing (respectively not containing) a TOKS is preserved under the
operation of forming an odd subdivision.

A vertex vg is of type i (i=0 or 2) in G if G has a TOKS in which vy has
degree i. Also, vg is of type 1 if G has a TOKS with vy as a branch vertex
such that the three paths from vy in the TOKS have length 1. Finally, vg
is of type & if G has a TOKS H; and a subdivision Hy of K4 such that vy
has degree 3 in each of Hy, Ho, and vy is the end of the same three edges in
Hy, Hy, and the paths in Hs starting at vy are even while the other three
paths in Hs are odd. The motivation for this definition is the following: If
N (vo) has no edge and G is obtained from G'—wvg by identifying N (vp) into
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a vertex vp, then, if vy is of type 3 in the new graph, it follows that vg is of
type 0, 2 or 3 in G. If G is a connected graph and ACV(G)UE(G), then
A separates G if G— A is disconnected. A separating vertex is a cutverter,
and a separating edge is a bridge. G is k-connected if G has at least k+1
vertices and no separating vertex set with fewer than k vertices.

An edge e in a 3-connected graph G is contractible if its contraction results
in a 3-connected graph G/e (possibly with double edges incident with the
new vertex). We shall use the following observation [11, Proposition 3.2].

Lemma 2.1. If e is a noncontractible edge in a 3-connected graph G with
at least five vertices, then G —e is a subdivision of a 3-connected graph.

The proof of [9, Lemma 3.1] implies the following.

Lemma 2.2. If A is a separating set of three vertices in a 3-connected
graph G and H is a component of G — A, then G has a contractible edge
which is in H or joins A to H.

The blocks in a graph G are the maximal 2-connected subgraphs. An
endblock is a block with a most one cutvertex of G. If G is a block, then
the 3-blocks of G are obtained as follows. If possible, we write G=G1UG>
where G1 NGy ={z,y} and V(G;)\V(G3-;) #0 for i=1, 2. We now think
of G1 and G as disjoint graphs and add the edge xy to each of them. We
continue this operation on each of G1, G5 until the resulting graphs, called
the 3-blocks of GG, are either 3-cycles or 3-connected graphs.

A k-coloring of a graph is a coloring of the vertices in colors 1, 2, ..., k
such that no two neighbors have the same color. A graph G is k-colorable if it
has a k-coloring. G is k-chromatic if it is k-colorable but not (k—1)-colorable.
In that case we write x(G)=k.

Lemma 2.3. Let G be a graph that can be written as G =G UGy where
G1NG4 consists of two vertices x, y and also the edge xy if xy is present in G.
Assume that each of Gy, Gy is 3-colorable but G is not. Then zy ¢ E(G), and
the notation can be chosen such that x(G1+xy)=4 and the graph obtained
from Gy by identifying x and y has chromatic number 4. Moreover, for each
i=1, 2, G; has an odd path from x to y and an even path from x to y.

Proof. The first part follows easily because the 3-colorings of G; and Go
cannot be chosen such that they agree on = and y. It is sufficient to verify
the last part in the case where G is a minimal 4-chromatic graph. Then G
is 2-connected. Since the colorings of {x,y} in all 3-colorings of G; are the
same, G; —x has an odd cycle for ¢=1,2. Using this it is easy to find z —y
paths in G; of different parity. ]
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If F is a set, then we may regard the set of subsets of E as a vector
space over the field with two elements. The sum of two sets A and B is the
symmetric difference (AUB)\ (ANB). It is called the modulo 2 sum and is
denoted A+B. If F is the edge set of a graph GG, then the subspace generated
by the cycles in G is called the cycle space of G and is denoted Z(G). If G is
connected and T is a spanning tree in G, then the collection of those cycles
that have only one edge outside 7" is a basis of Z(G). Hence

dim Z(G) =| E(G) | — | V(G) | +1.

3. Cycles through two prescribed edges.

Theorem 3.1. Let ey, e5 be independent edges in a 3-connected graph G
with n vertices. Let G’ be obtained from G by replacing some nonbridges of
G —{e1,e2} by multiple edges. Let m=|E(G")|. Let Z denote the subspace
of Z(G'") generated by the cycles containing ey and es. Then

dimZ =m —n.
Proof. (by induction on m). The theorem is easily verified for G’ = Ky so

assume that m >6 and n > 4. Since any cycle which contains e; but not es
is not in Z(G'), we have

dimZ <dimZ(G')=m —n+1.
So we shall prove that
dimZ > m —n.
If G—{ej,es} has a bridge es, then it is easy to see that
Z =Z(G" —e3)
which has dimension m —n. So assume that

(3.1.1) G—{e1,e2} has no bridge.

If G’ has two edges e3, e4 which are not in G, then we let Z; (respectively
Z5) denote the subspace of Z(G'—e3) (respectively Z(G'—{es,e4})) generated
by the cycles through e; and es. By the induction hypotesis,

dimZ;,=m-n—1

for i=1, 2. Since dim Z; >dim Z5, G has a cycle through ey, es, e4. Similarly,
G has a cycle through ey, es, e3. But then

dimZ >dimZ; =m —n— 1.
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We may therefore assume that

(3.1.2) either G'=G or G'=GU{es} where e forms a 2-cycle with an edge
e3 in G.

Consider the case where GG has an edge e having an end which is not an
end of e; or eg such that G/e is 3-connected. Put §=1 if e=e3, and 6=0
otherwise. If G/e has no double edge whose deletion from (G/e)—{ey,ea}
results in a disconnected graph, then, by the induction hypothesis G’/e has

m—mn—9 linearly independent cycles Cy, Co, ..., Cy_n_s which contain ey
and eq. If C; is a cycle in G', then we put C}=C;. Otherwise, C!=C;U{e}
isacyclein G, i=1,2, ..., m—n—94. Now C1, C5, ..., C! _ s are linearly
independent in Z. If § = 0 the proof is complete. On the other hand, if
d =1, that is e =e3, then at least one of C{, ..., C/ _, _, must contain es
because otherwise C1, C, ..., C/ _ | are linearly independent cycles and

hence a basis of Z(G' — {es,e5}). Since es is not a bridge in G — {ey,ea} it
follows that G—{ea,e3} has a cycle through e;. That cycle is not in Z and is
therefore not a linear combination of C1, Cy, ..., C),_, _;, a contradiction
which shows that one of C7, C5, ..., C! . _,, say C1, contains es. Let C] be
obtained from C] by replacing es by €. Then C{, C{, C4, ..., C/ _, _, are
linearly independent in Z. So we may assume that G/e has a double edge
{e4,e5} such that G—{e1,eq,eq,e5} is disconnected. Then {e, eq,e5} form a
3-cycle in G. Moreover, G—{ej,e2,e4,€5} has precisely two components Hi,
H, say, where e is in Hy. Let e=xy where y is not an end of e; or ey. Let
eq = zx and e; = zy where z € V(Hs). Since G is 3-connected, and hence
G — z is 2-connected, none of e1, eo has z as an end. Now we complete the
proof by repeating the above reasoning with e4 instead of e. (Clearly, G /ey
is 3-connected and has a unique 2-cycle {e,e5} but G —{ej,ez,e,e5} is not
disconnected.)

In what follows we may assume that

(3.1.3) if e is any edge with at most one end which is also an end of e; or ey
then G/e is not 3-connected.

Let v be an end of e;. If G has at least two edges from v to vertices
which are not ends of e1, ey, then let e be one such edge. Then we complete
the proof by applying induction to G’ —e since G — e is a subdivision of a
3-connected graph by (3.1.3) and Lemma 2.1. (In that 3-connected graph,
e1 and ey correspond to edges which are independent since v has at least
two neighbors which are not ends of e1, es. Also note that there may be a
bridge e3 in G—{e1,e2,e}. But then it is easy to find a cycle through eq, es,
es using that G —v is 2-connected.) So we may assume that each end of e;
(and similarly e9) has at most one neighbor which is not an end of ey or es.
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As each vertex has degree at least 3, G has a 4-cycle C containing e; and
ea. Moreover, there are at most 4 edges from C' to V(G)—C.

Consider now an edge e = xy with at most one end in C. By (3.1.3)
G/e is not 3-connected. Hence G has a vertex z such that G — {x,y,z} is
disconnected. Combining Lemma 2.2 with (3.1.3) we conclude that C' must
intersect all components of G —{x,y, z}, in particular C' contains z and one
of z, y. Hence G—V(C) has no edge. It is now easy to obtain a contradiction
to (3.1.3) unless G is a wheel in which case the proof is easily completed. I

Corollary 3.2. (Lovéasz [7]). If e1, es, eg are independent edges in a 3-
connected graph G such that G—{ej,ea,e3} is connected, then G has a cycle
through ey, eo, e3.

Proof. Let n = |V(G)| and m = |E(G)|. Let G’ be obtained from G by
adding an edge with the same ends as e3. Then the cycle space generated
by those cycles of G’ which contain e; and ey has dimension m+1—mn, by
Theorem 3.1. As the cycle space of G—eg has dimension m—n, Corollary 3.2
follows. |

Corollary 3.3. Let eq, e be two independent edges in a 3-connected graph
G. Then every cycle in G —{ey,es} is a modulo 2 sum of cycles containing
e1 and es.

Proof. Let Z (respectively Z’) be the subspace of Z(G) generated by those

cycles that contain both (respectively both or none) of e1, es. Then
ZCZ'+Z(G)

As dimZ=dim Z(G) —1, it follows that Z=2'. 1

Corollary 3.4. Let ey, ea be two independent edges in a 3-connected graph
G. Let G’ be any subdivision of G. (If e; becomes a path, then we let e;
denote any edge of that path, i=1, 2.) If G'—{e1,e2} has an odd cycle, then
G’ has an odd cycle containing ey, es, and G' has an even cycle containing
€1, €2.

Proof. Let C be an odd cycle in G’ —{ey,e2}. By Corollary 3.3 C' is the

modulo 2 sum of cycles C, Cs, ..., Cyin G’ containing e; and es. Since C
is odd, at least one of C1, Cs, ..., Cy; must be odd. Since C' contains none
of e1, ez, q is even. Hence at least one of Cy, Co, ..., C; must be even. 1

The special case of G’ = G in Corollary 3.4 was obtained by McCuaig
and Rosenfeld [8].
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Consider the following three questions, given two edges ej, es in a
graph G.

Question 1. Does G contain an odd cycle through e; and es?
Question 2. Does G contain an even cycle through e; and ey?

Question 3. Do all cycles through e; and es have the same parity?
If the answer to Question 3 is affirmative, we say that (e1,ez) is a parity
pair in G.

Corollary 3.5. There are polynomially bounded algorithms for each of
Questions 1, 2 and 3.

Proof. It is easy to see that Questions 1 and 2 have the same complexity.
Since it is easy to find some cycle through e; and e; and decide its parity,
Question 3 also has that complexity.

We now focus on Question 3. It suffices to consider the case where G is a
2-connected graph. If G is a subdivision of a 3-connected graph H, then we
consider G' =G —{ey,es}. If G' is bipartite, then clearly (e1,es) is a parity
pair in G. If G’—{ey, ez} is nonbipartite and ej, e correspond to independent
edges in H, then Corollary 3.4 implies that (eq,e2) is not a parity pair. If the
edges f; and fo in H corresponding to e; and eq, respectively, are incident
with the same vertex v, then (e1,e2) is a parity pair if and only if all paths
in G—wv connecting the other two ends vy, v9 of f; and fo, respectively, have
the same parity. This can be tested as follows: Let P be a path in G—v (not
H—v) between v; and vy, and let By, Ba, ..., By be the blocks of G—wv that
intersect E(P). Now e1, e is a parity pair if and only if each of By, Bo, ...,
By, is bipartite.

We are left with the case that GG is not a subdivision of a 3-connected
graph. Then G=G; UGy when V(G1)NV (Ge) ={z,y} and E(G1)NE(G2)
is either empty or the edge zy, and V(G3_;)\V(G;) # 0 for i =1, 2, and
none of G, G is just a path from z to y. We now consider G; U{xy} for
i=1, 2. If e;€G; for i=1, 2, then Question 3 reduces to the question: Are
both the pairs (e1,zy) and (zy,ey) parity pairs in G;U{zy} and GoU{zy},
respectively? If e; € E(Gy) for i =1, 2, then we consider G1 U {xy} instead
of G. If all paths in G5 from x to y are even, we subdivide zy. If some path
in G5 from z to y is odd and some is even, we call xy a flezible edge. If Go
has a flexible edge, then xy will automatically be called flexible. Continuing
like this we reduce Question 3 to the case where G is a subdivision of a 3-
connected graph. If there are flexible edges in the graph, then we also need
to check if there is a cycle containing eq, ey, and some flexible edge (in which
case (e1,e3) is not a parity pair). That can be checked using Corollary 3.2. I
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4. Configurations containing a TOKS.

In this section we describe some configurations in which we can always find
a TOKS. We shall use these results in the main proof. All statements in this
section concern finite problems and some readers might find it convenient
to check them by computer. However, we include complete proofs.

Let C be a cycle and let x be a vertex in C. We add a vertex y joined
to x only. We also add a new vertex vg. We shall now define an i-extension
from y to C, vg for i=1, 2, 3.

A 1-extension is simply an edge from y to C'—x. A 2-extension is a new
vertex u together with an edge from w to y and two edges from u to C.
(Possibly w is joined to z.) Finally a 3-extension from y to C, vy consists of
two new vertices w1, us and an edge from u; to y, an edge from w; to vy,
and an edge from wu; to C for i =1, 2, such that u; and uo have different
neighbors on C'. If z1, x9, x3 are prescribed vertices on C, where x = x1,
then we define a weak 2-extension from y to C', vg as a new vertex u joined
to y and to a vertex «’ in (C|xy,z9)UC |21, x3]) — {22,253} such that Clxy, /]
is odd.

In the proof indicated in the Introduction we identify at one stage N (uvg)
(or N(vg) except one vertex) into a new vertex v'. If N(v) contains two
independent edges we try to prove that v’ is type 1 in the new graph. This
results (in G) in an odd cycle C' with three vertices x1, z3, 3 and three
vertices Y1, Y2, y3 in N (vg) joined to x1, zo and x3 respectively. Then we
try to find an odd subdivision of an i-extension (i=1, 2 or 3) from each of
Y1, Y2, y3. Finally, we use the results of this section to find a TOKS in the
resulting configuration.

Proposition 4.1. Let x1, x2, x3 be vertices on an odd cycle C such that
Clz1,2], Clra, 23] and C[xs,z;] are odd. We add vertices y1, yo2, y3 such
that y; is joined to x; for i =1, 2, 3. We also add a vertex v joined to yi,
yo and ys. Finally, we add a path P between yo and ys and in addition a
1-extension or a 2-extension or a 3-extension or a weak 2-extension (disjoint
from P) from y; to C, vg. Then vy is of type 0, 2 or 3 in the resulting graph
G.

Proof. If P is even, then C can be extended to a TOKS having s, x1, x2,
x3 as branch vertices in which case vg is of type 2. So assume that P is the
edge yoys. If G has an edge yyw from y; to C, then G has a TOKS with
branch vertices y1, x1, w and one of x9, x3 unless w is in C[x1,x2]UC[x1, 23]
and C[z1,w] is even. But in that case the unique cycle of G —v( containing
Y1, Y2, y3 shows that vg is of type 1 and hence also of type 3. We argue
similarly if we have added a weak 2-extension from y; to C', vg.
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So we may assume that either G has a vertex u; joined to y; and to two
distinct vertices wy, we of C, or else G has two vertices uy, us both joined
to y1 and vp, and also there are edges u;w; such that w; € V(C) (i=1, 2),
and wy # wo.

If wy € Clxe,x3] — {x2,23}, then G has a TOKS with branch vertices vy,
Y1, Y2, y3 showing that vy is of type 3. So assume that both w; and wo
are in Cx1,x2]UCx1,2z3]). If C[x1,w1] is odd, then we replace that path by
r1y1uiwy and we also replace Clza,x3] by xayoysxrs. So assume that both
C[x1,w1] and Clzy,ws] are even.

If uy is not present, then we replace Clwy,ws] by the path wyujwy and
extend the resulting cycle to a TOKS with branch vertices y1, ui, one of
r1, wi, wo, and one of xo, x3. On the other hand, if us is present, then we
replace C[zg,x3] by zoyoysxs, and Clwy,ws] by wiuiyiuswe, and we extend
the resulting cycle to a TOKS with branch vertices vg, u1, 32, y3 showing
that vg is of type 1. It is easy to see that vy is also of type 3. ]

Proposition 4.2. Let 1, x9, x3 be vertices on a cycle C such that C|x1,x2],
Clzo, 3], Clxs,x1] are odd. For each i =1, 2, 3 we add a vertex y; which
we join to x;. We also add a vertex vy joined to yi, y2, y3. For each 1 =1,
2, 3 we add either a new edge from y; to C (a l-extension), or else we add
a new vertex u; and join u; to y; and to two vertices of C' (a 2-extension),
or else we add two new vertices u; 1, u; 2 and the edges u; 1vo, u; 200, Ui 1Y;,
u;i 2y, and we also add an edge from w; j to C' (j=1, 2) such that u;; and
u; 2 have different neighbors on C (a 3-extension). Then vy is of type 0, 2,
or 3 in the resulting graph G. The same conclusion holds if one (but only
one) of the above extensions is replaced by a weak 2-extension.

Proof. We consider first the case where vy has degree 3 in G. Note that
V(C)U{y1,y2,ys3,v0 }yinduces a Ky-subdivision in which all paths from vy are
even. So it suffices to prove that G has a TOKS. Suppose therefore (reductio
ad absurdum) that G has no TOKS. Then

(4.1.1) if {4,j,k}={1,2,3},
then y; is not joined to any vertex of C[z;,zy].

For if y; is joined to w in Cf[z;, ], then C'U (z;y;w) union one of the
paths y;voy;x; or y;voyrrs is a TOKS.

(4.1.2). If y; is joined to w on C, then Clz;,w] is even, i=1, 2, 3.
For if C[z;,w] is odd, then the cycle C[z;,w]U (z;y;w) can be extended
to a TOKS with branch vertices y;, z;, w and a vertex in {x1,x2,x3}\ {z;}.
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(4.1.3) There exists an i € {1,2,3} such that y; is not joined to C' —z;, and
such that there is no path y;u;w such that w is in Clz;, z;|JC [z, x| —{z;, 2 }
and Clw,z;] is odd (where {i,7,k}={1,2,3}).

For if (4.1.3) were false, then G —wvg has a cycle through y1, y2, y3 which
can be extended to a TOKS with branch vertices vg, y1, y2, ¥3.

By (4.1.3) we may assume that u; exists. Let w; be a neighbor of u; on
C' — z1. If u; has another neighbor on C, we denote that by ws. If w; is in
Clz1,22)UC[x1, 23] — {72,273}, then C[z1,w;] is even for i=1, 2 by (4.1.3).

(4.1.4). If wq exists and both of wq, wy are on Clzg,x3] (in the order z9, w1,
way, xg say), then Clry,wq] and Clwe,xs] are even.

For if Clzg,w1] and Clwsy,z3] are both odd, then woujwi...ws can be
extended to a TOKS with branch vertices xo, wy, we, u1. And if Clzy,w]
is even and Cfws,z3] is odd, then we replace in C' the even path C[wy,ws]
by the path wjujws and extend the resulting cycle to a TOKS with branch
vertices y1, 1, 2, uy. This proves (4.1.4).

(4.1.5). If wy exists, then we may assume that ws is in C[zg,x3].

For if wy, wy are both in Clxe,x1]UClz1,23] — {2,253}, then both of
Clwy,x1], Clwe,x1] are even by (4.1.3). We replace in C' the even path
Cwy,ws] by the path wiujws and extend the resulting cycle to a TOKS
with branch vertices y1, u1, one of x1, wy, wo, and one of xo, x3. This proves

(4.1.5).

(4.1.6). If wy exists, then both of wy, wy are in Clxy,x3].

For otherwise, wy is in C[zg,z3] (by (4.1.5)) and w; is in Clzg,z1]U
Clz1,23], and Clwy,21] is even. We may also assume that Clws,x3] is even.
Then the cycle ws...x3...wiujws can be extended to a TOKS with branch
vertices y1, u1, 3, and one of x1, wi. This proves (4.1.6).

We may choose the notation such that also

(4.1.7) ug exists.

For suppose (reductio ad absurdum) that both ys and ys are joined to
vertices of C. If wy is in Clxs,x1]UC|[x1,x2], then Clwy,x1] is odd, by (4.1.6),
and the unique cycle in G —vg containing y1, yo2, y3 can be extended to a
TOKS with branch vertices vy, y1, y2, y3. By (4.1.4) and (4.1.6), we may
assume that wq, we are in C[zg,z3] and that Clws,x3] is even. Now the cycle
Clwy,wa] U (wauqwi) can be extended to a TOKS with branch vertices ys,
u1, and two vertices in C[wy,ws] unless ys is joined to a vertex in C[xg,w1].
But then the cycle z1y1uiwy. . .ws...x3...21 can be extended to a TOKS with
branch vertices xs, x1, y1, r3. This contradiction proves that us exists.

We also prove that
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(4.1.8) ug exists.

For suppose (reductio ad absurdum) that us does not exist. If wy exists,
then w; and wq are both in Cfzy, 23] and we obtain a contradiction as in
the proof of (4.1.7). Since both u; and ug exist and since at most one of the
extensions is a weak 2-extension, we may assume that in fact wo exists. This
proves (4.1.8).

Since there is at most one weak 2-extension, we may assume that there is
no weak 2-extension from neither y; nor yo. Then wo exists, and us has two
neighbors in Clzy, 23] satisfying (4.1.4). But then the cycle w;...woujw; can
be extended to a TOKS with branch vertices ya, wa, w1, u1. This contradic-
tion completes the proof when vg has degree 3 in G. Suppose therefore that
u1,1 and ug o exist.

Let w; be the neighbor of u; ; in C, i=1, 2. If there exists a j € {2,3} such
that 21, wy, z; divide C into three odd paths, then we apply Proposition 4.1
with 21, wi, ; instead of z1, z2, 3. So we may assume that no such j € {2,3}
exists. But then w; € C[x1,x2]UC[z1, 23] and Clxy,w:] is even. Then we let
u1,1 play the role of ¥, and we think of the odd path ui1y1u12w2 as a
single edge. We do this for each 3-extension. Now we complete the proof by
applying the first part of the proof (where vy has degree 3). ]

5. Toft’s conjecture.

We shall prove an extension of the conjecture. For that we need the notion
of a strong TOKS defined recursively as follows. A TOKS which consists of
a cycle C' together with a vertex vg and three edges from vy to C' is a strong
TOKS. We say that vy is the distinguished verter of that strong TOKS.
Assume now that each of Hy, H» is a strong TOKS with distinguished vertex
vy, v, respectively. Let vx; € E(H;) for i=1, 2. Now form a new graph H
by first identifying vy, ve into a vertex vy, then delete voz; (i=1, 2) and add
the edge x1x5. Then H is a strong TOKS with vy as distinguished vertex.
Note that a strong TOKS contains a TOKS.

Theorem 5.1. Let vy be a vertex in a graph G of chromatic number at
least 4. Then either vy is of type 0, 2 or 3 in G or else vy is the distinguished
vertex of a strong TOKS in G.

Proof. Suppose (reductio ad absurdum) that Theorem 5.1 is false and let
G be a counterexample to Theorem 5.1 with as few vertices as possible
and (subject to that) as few edges as possible. We shall derive a number
of properties of G and finally reach a contradiction. The minimality of G
implies:
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(5.1.1) Every proper subgraph of G is 3-colorable, and G is 3-connected.

Proof of (5.1.1). The first assertion follows from the minimality of G.
Hence G is 2-connected. Suppose (reductio ad absurdum) that G has two
vertices x, y such that G —{x,y} is disconnected. Assume that vop=1y. (The
case where vy ¢ {x,y} is similar and easier.) Then we write G = G; UG»
where G1 NGy consists of vy, z and possibly the edge voz, and V(G3-;)\
V(G;)#D for i =1, 2. The minimality of G implies that each of Gy, Go is
3-colorable. Then the edge vox is not present and the notation can be chosen
such that the graph G’ (respectively G%) obtained from G (respectively G2)
by adding the edge vox (respectively identifying vy and ) is 4-chromatic.
By the minimality of G, (G,vp) satisfies Theorem 5.1. So does (G,v) (by
Lemma 2.3) unless vy is the distinguished vertex of a strong TOKS H;
containing the edge vox. Also (GY,vp) satisfies Theorem 5.1. Again, we may
assume that G contains a strong TOKS in which vy is a distinguished
vertex. Let Hy denote the corresponding subgraph in Gs. If x is not in Ho,
then Hs is a strong TOKS in G. If = has degree 1 in Ho, then HyUHs—vgz
is a strong TOKS in G. Finally, if  has degree > 2 in Hs, then G has a
TOKS in which x but not vy is a branch vertex. So vg is of type 0 or 2 in
that case. This contradiction proves (5.1.1).

(5.1.2). If vy is joined to x and y, and xy € E(G) and x has degree 3 in G,
then the neighbor 2’ of z distinct from 3 and vg is not joined to wvp.

Proof of (5.1.2). G—wyp is 2-connected and nonbipartite and has therefore
an odd path from y to 2’ which together with the path x’zy and the edges
from vg to that path forms a TOKS if vg is joined to z’. So 2’ is not joined
to vg.

(5.1.3). If vg is joined to x and y, where zy € E(G), d(x)=3, and 2’ is the
third neighbor of z, then 2’y ¢ E(G).

Proof of (5.1.3). Suppose (reductio ad absurdum) that 2’y € F(G). Form
a new graph G’ by deleting = and identifying vy and z’. Then x(G’) > 4
and therefore vy is the distinguished vertex in a strong TOKS H' in G’. Let
H be the corresponding subgraph in G. If 2/ has degree 0 in H, then vy is
the distinguished vertex of a strong TOKS in G. If 2/ has degree >2 in H,
then it is easy to find a TOKS in G where 2’ but not vg is a branch vertex,
i.e., vg is of type 0 or 2. So assume that 2’ has degree 1 in H. If y¢ V(H)
then we add the 3-cycle zyx’z to H and obtain a strong TOKS with vy as
branch vertex. So assume that y € V(H). Let z be the neighbor of 2/ in H,
and let C be the cycle in H —{vg,z'} containing z. Let 21, 23 be the other
vertices on C' which have degree 3 in H. If y € V(C), then G has a TOKS
with branch vertices 2/, z, y, and one of 21, 23 unless y is in C|z, 2], and
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C[z,y] is even. But then v is the distinguished vertex of the strong TOKS
obtained from H by replacing the edge 2’z by voy. If y¢ V(C'), then G has
a TOKS with branch vertices 2/, 2, 21, 22 unless y is a neighbor of one of
21, z9 in H. As vg is joined to y, it follows that G has a strong TOKS with
vo as distinguished vertex. This proves (5.1.3).

(5.1.4). If vy is joined to x and y, and zy € E(G), and x has degree 3 in G,
then y has degree at least 4 in G.

Proof of (5.1.4). Let 2/ be as in (5.1.2). If y has degree 3 in G, we define
y" as the third neighbor of y. By (5.1.2), vg is joined to neither of 2/, y'.
By (5.1.3), 2’ #y'. But then G—{z,y}+2'y is a smaller counterexample to
Theorem 5.1, a contradiction which proves (5.1.4).

(5.1.5). If N(vg) has two independent edges e, eq, then ey, ea do not belong
to the same 3-block of G —wy.

Proof of (5.1.5). Suppose (reductio ad absurdum) that e;, es belong to
the same 3-block B of G —vy. Consider any edge e in B which is also in
another 3-block of G —vy. Then G — vy has a path P, which has the same
ends as e and which has only these ends in common with B. If every such
path P, is even, then we subdivide e in B once. If P, can be chosen to be
even and can also be chosen to be odd, then we call e remarkable. We may
assume that B has no cycle containing both ej, e and a remarkable edge.
For otherwise, G—wvg has an odd cycle through e, es and hence vg is of type
1in G. In particular, a remarkable edge cannot have an end in common with
e or ey because a 3-connected graph has a cycle through any three edges
which are not independent and do not form a star. So, if e is remarkable,
then B —{ey,e9,e} is disconnected, by Corollary 3.2. In other words, e is a
bridge in B —{ej,ea}. Since B is 3-connected, B —{e1,e2} has at most one
bridge, and hence B has at most one remarkable edge.

Consider first the case where B has no remarkable edge. Let B’ be ob-
tained by subdividing those edges e for which P, is even. Since G —vg has
no odd cycle through e; and ey, B’ has no odd cycle through e; and es. By
Corollary 3.4, B’ —{e1,es} is bipartite with bipartition V;, V4 say. This bi-
partition can be extended to a bipartition of (G—vg)—{e1,e2} because B has
no remarkable edge. Since G is not 3-colorable, the notation may be chosen
such that ey joins two vertices of Vi and v is also joined to some vertex v in
V5. Since B is 3-connected, B—es is 2-connected and so G—wvy—eo contains a
cycle which contains e; and v. Now C'+wvg contains a TOKS, a contradiction.
We may therefore assume that B has precisely one remarkable edge e3. As
mentioned earlier, e, eq, €3 are pairwise independent.
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By Corollary 3.2, B—{ey,ea,es} is disconnected. Since B is 3-connected,
the six ends of eq, eg, ez are distinct, and the two components Bi, By of
B'—{e1,e9,e3} are 2-connected.

If one of By, By is nonbipartite, then B'—e3 is a 2-connected nonbipartite
graph and has therefore an odd cycle through e, e5. So we may assume that
By U Bs is bipartite with bipartition V;, V5. Since G — vy has no odd cycle
through e; and e, also B’ — e3 is bipartite so we may assume that e; joins
a vertex of V) with a vertex of V5 for i =1, 2. Also, we may assume that
e1=1z1y1 and ey =x9ys where x1, x9 € V(By), 1 € V3. If vy has a neighbor v
in V1NV (Bsy), then it is easy to see that G—vg—es has an odd cycle through
e1 and v. That cycle can be extended to a TOKS with branch vertices x1,
Y1, v, vo. So assume that vy has no neighbor in V4 NV(Bsy). In particular,
y2 € VoNV(B3). Let y3 denote the end of e3 in By. If y3 € V5, then we form
a new graph G’ by first deleting V4 NV (B3), and then identifying y; and ys
into a single vertex. Clearly x(G’') >4. But then vy is of type 0, 2 or 3, or vy
is the distinguished vertex of a strong TOKS in G’. Since B is 3-connected
it follows that the same holds in G, a contradiction. So we may assume that
y3 € VANV (By). Now we form a new graph G” by first identifying V, NV (Bs)
into y3 and then deleting all vertices of VNV (Bsg) except y; and ys. Clearly,
X(G")>4. Since B is 3-connected, G” is smaller than G. So G” is a smaller
counterexample to Theorem 5.1, a contradiction which proves (5.1.5).

(5.1.6) If vy is joined to x and y, where zy € E(G), then G — {vg,z,y} is
connected. If, in addition, x has degree 3 and 2’ is the third neighbor of z,
then also G —{vg,2’,z,y} is connected.

Proof of (5.1.6). The first assertion is trivial because every proper sub-
graph of G is 3-colorable whereas G is not. Suppose now (reductio ad absur-
dum) that the last assertion fails. Then we write G = M;UM, where MiNMo
is the cycle voyzvg and the edge xa2’, and V (M;)\V (M3_;)#0 for i=1, 2. By
(5.1.1), each of My, Mj is 3-colorable. We may choose the notation such that
M +ya’ is not 3-colorable. Hence M; +yx’ contains a TOKS satisfying the
conclusion of Theorem 5.1. Since G has no such TOKS, all paths in My —wvyg
from y to 2’ are even. Hence My —vq is bipartite. Consider a 3-coloring of
M. We may assume that x, y, vg have colors 1, 2, 3, respectively, and that
2’ has color 2 because M; +yz’ is not 3-colorable. That 3-coloring can be
extended to My —wp. This contradiction proves (5.1.6).

(5.1.7) N(vp) has no two independent edges.

Proof of (5.1.7). Suppose (reductio ad absurdum) that e;, ez are inde-
pendent edges in N (vg). By (5.1.5) they do not belong to the same 3-block
of G— ()
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We let G’ denote the graph obtained from G—uvg by replacing the maximal
path which contains e; and has all intermediate vertices of degree 2 by a
single edge €}, i=1, 2. By (5.1.4), either e, =e¢; or €, corresponds to a path
of length 2 in G —vg. Note that €], €, cannot form a double edge because
vo is not joined to the vertex 2’ in (5.1.2). By (5.1.3) neither of €}, €} is
contained in a cycle of length 2.

Now we form the 3-blocks of G'. Let B be a 3-block of G’ containing €/,
and let €5 be the unique edge of B corresponding to €. That is, (G—uvg)U{es
contains a cycle C' which contains ep and €5 and has only €4 and the ends
of €5 in common with B. By (5.1.6), €] is in only one 3-block of G’. Hence
el # €. Since G — vy has no odd cycle through e; and ez, we may assume
that all cycles C' above have the same parity.

Case 1. €| and € are incident with the same vertex y. That is €} =yx and
ey =yz. (This includes the case where B is the 3-cycle zyzxz.) Then either
e1 =xy or else there is a vertex x’ such that e; =x2’ or e; = 2'y, in which
case we say that x’ ewists. Let H be the subgraph consisting of the union of
all paths from z to z in G—{vp,y}. Since all cycles in G—wvg through e; and
eo have the same parity, all paths in H from x to z have the same parity.
Hence H is 2-colorable. Let H' be the subgraph of G —wvq consisting of the
union of all paths from y to z that intersect H — {y, z}. In other words, H'
consists of H and all subgraphs in G corresponding to edges in B incident
with y but not z. We also define M as the union of all paths from y to z in
G —vg having only y and z in common with B. In particular, M contains
es. We now claim

(5.1.7a). H' is not bipartite. For suppose (reductio ad absurdum) that the
2-coloring of H can be extended to H'. Then we form a new graph M’ from
M +wvg by adding the edge yz (if all paths in H' from y to z are odd) or a
path y2’'z (if all paths in H' from y to z are even). If 2’ exists, then we also
add z'vg to M.

Any 3-coloring of M’ can be extended to a 3-coloring of G. Hence M’ has
no 3-coloring. If M’ satisfies the conclusion of Theorem 5.1, then so does
G. Hence M'=(. But then B is not a 3-block in G’, a contradiction which
proves (5.1.7a).

(5.1.7b) M is not bipartite.

Proof of (5.1.7b). The proof is the same as that of (5.1.7a). Instead of
reaching a contradiction as in the proof of (5.1.7a) we conclude by (5.1.2)
that 2’ exists, M is a path yz'z, e; =2'x and ey =2'z.

Now we delete z/, 2’ and identify vy and y. The resulting graphs G” is not
3-colorable and satisfies therefore the conclusion of Theorem 5.1. so does G
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unless G” has a strong TOKS @ in which y has degree 1. Since H is bipartite,
then all odd cycles of @@ — vy are in subgraphs of G corresponding to edges
of B incident with y. If these odd cycles are not in subgraphs corresponding
to the same edge of B, then it is easy to find a strong TOKS in G where
one of the odd cycles contains e;. So assume that all odd cycles of @ — vy
are in subgraphs of G corresponding to the edge yw, say, in B. If H' —w
has an odd cycle through eq, then ) can be extended to a TOKS in G. So
assume that the block of H' —w containing e; is bipartite. In other words,
there exists a 2-coloring of H and all those subgraphs of G corresponding to
edges of B distinct from yw. If y and w have distinct colors, we add the edge
yw. Otherwise we add a path yw'w and the edge vow’. Now we complete the
proof as in (5.1.7a) by applying Theorem 5.1 to the union of the subgraphs
of G corresponding to the edge yw of B. This proves (5.1.7b).

(5.1.7¢) G has at most one edge joining two of vy, y, z.

Proof of (5.1.7c). We forget about the particular structure of H' and M
and focus only on the fact that vy, y, 2 divide G into the graphs H' + vg
and M +vg. (We consider these two graphs and also y, z to be ”symmet-
ric”). If vy, y, z induces a 3-cycle, then one of these two graphs would be a
counterexample to Theorem 5.1. By (5.1.5), that counterexample is smaller
than G, a contradiction. If G contains the edges vgy and vgz, then either
(M +vo)U{yz} or (H'+v9)U{yz} would be a counterexample by (5.1.7a)
and (5.1.7b). If G contains yz, and vgy say, then we may assume that the
graph H” obtained from H'-+wvg by adding vgz is 4-chromatic and that the
graph M’ obtained from M + vy by identifying z with vg is 4-chromatic.
(Otherwise G would be 3-colorable). So each of H”, M’ satisfies the conclu-
sion of Theorem 5.1. Then also G does unless vy is the distinguished vertex
of a strong TOKS in both H” and M’. Moreover z has only degree 1 in the
strong TOKS in M’ (since otherwise vy would be of type 0 or 2 in GG). But
then the union of these two strong TOKS’s form a strong TOKS in G. This
proves (5.1.7¢).

(5.1.7d). v is not joined to y.

Proof of (5.1.7d). Suppose (reductio ad absurdum) that vg is joined to y.
By (5.1.7¢), z is not joined to any of y, vg. Now we identify y and z in each
of H' +wvy, M +vg. One of the resulting graphs is 4-chromatic and satisfies
the conclusion of Theorem 5.1. So does G unless vy is the distinguished
vertex of a strong TOKS corresponding to a subgraph @)1 of G which is not
a strong TOKS in G. That strong TOKS @1 would have to contain z but
not y. That is only possible in M since H' —y has no odd cycle through
2. Now we identify instead z and vy in each of H' +wvg, M +vy. Again we
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conclude that vg is the distinguished vertex of a strong TOKS )5 in one of
the resulting graphs and that z has degree 1 in Q. (For if z has degree at
least 2 in ()2, then we get three odd paths from z to Q2 —vg—z and hence a
TOKS in which vg has degree 0 or 2 by considering an odd path from z to
y disjoint from Qo —vg—z—y.) If Q2 is in H'+1vg, then Q1 UQ> is a strong
TOKS in G. So we may assume that both @1 and Q9 are in M +wvg. Let yt
be an edge of B corresponding to a subgraph of G which together with H
forms a nonbipartite graph. Now H’ has an odd cycle containing z, ¢, y and
e1. If the two paths in that odd cycle from z to e; are odd, then we extend
Q)2 to a strong TOKS except if Q2 contains y. Then we may assume that
(2 also contains vgy and we obtain a TOKS in which z has degree 3 and vy
has degree 2.

So we may assume that in the odd cycle in H’ through z and e, both
paths from z to e; are even. Hence all paths in H’ from z to y containing e;
are odd. Since all cycles in G—vg through e; and ey are even, if follows that
all paths in M from y to z containing e, are odd. We have previously noted
that we would obtain a contradiction if one of the two graphs obtained from
H' +vq by identifying z with either y or vg is 4-chromatic. So both of these
are 3-colorable. Since M + v is 3-colorable, there must be some 3-coloring
of vy, y, z that cannot be extended to H' +wvg. That must be the 3-coloring
where vy, y, z have distinct colors. In other words, (H'+wvg)U{zvg,2y} is 4-
chromatic and satisfies the conclusion of Theorem 5.1. So does G because zy
may be replaced by a path from z to y through ey, and vgz may be replaced
by one of the edges from vy to eg. This proves (5.1.7d).

By (5.1.7d) 2/ exists, and e; =2’z. Also, 2’ has degree 3. Now we delete
z’' and identify vy and y. The resulting graph G’ is 4-chromatic and satisfies
therefore the conclusion of Theorem 5.1. So does G unless vy (and y) is the
distinguished vertex of a strong TOKS @ (in G’ but not in @) in which y
has degree 1 (in GG). We shall try to extend this strong TOKS @ to a strong
TOKS in G by adding an odd cycle through e; =za’. By (5.1.7a) or (5.1.7b)
this is possible unless @ intersects both H'—{y, 2} and M—{y, z}. (Note that
if @ does not intersect M — {y,z}, then @ is contained in a subgraph of G
corresponding to edges of B incident with y but not z). It follows that part
of Q) is in M +wvg and the remaining part of ) is in a subgraph corresponding
to an edge yu in B, and Q) also contains the edge uz which is a cutedge in
Q —vo. Now G has a TOKS in which y has degree 3 and vy has degree 2.
This completes the proof of Case 1 in (5.1.7).

Case 2. €] and €} are independent.
1

Consider an edge e = vz of B such that e # ej and G —{vg,v,z} is
disconnected (if such an edge e exists in B). We claim that all paths in G—
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vo—(V(B)\{v, z}) from v to z must have the same parity. For otherwise B has
no cycle through €}, ef, e. In particular, €}, €}, e are pairwise independent
because B is 3-connected. By Corollary 3.2, B —{e}, e, e} is disconnected
with components H/, H) such that e}, €}, e are independent edges from H]
to Hj. For i=1, 2, we let H; be obtained from H by replacing every edge ab
by the union of all paths from a to b in G—vg having only a and b in common
with B. Since each of Hy, Hs is 2-connected and G — vy has no odd cycle
through ey, e, it follows that H; is bipartite with bipartition V;;, Vo, for
t=1, 2. Choose the notation such that V; ; contains at most one end of one
of e}, e, e. Now contract V; ; into a single vertex u and delete all vertices
of V5,1 except the ends of €}, €3, e. If vy has a neighbor in V; ; then we also
add the edge uvg and we call the resulting graph L. Clearly, x(L)>4. For if
L has a 3-coloring ¢, then that can be extended to a 3-coloring of G by first
giving V1 1 the color ¢(u) and then color each uncolored vertex of V51 by a
color distinct from c(u), c¢(vg). Also, a TOKS in L satisfying Theorem 5.1
can be modified to a similar TOKS in G because B is 3-connected and H;
is bipartite. So V1 1 ={u}. But then all vertices in V5 ; have degree 2 in B,
contradicting that B is 3-connected. This proves the claim that all paths in
G—vyg— (V(B)\{v,z}) from v to z have the same parity. If that parity is
even, then e¢ E(G), and we replace e by a path of length 2. Doing this for
every edge e in B, we transform B into a graph B’ which is a subdivision of
the 3-connected graph B.

By Corollary 3.4, B'—{¢€,e4} is bipartite with bipartition V;, V5 say. Let
el = x1y1, and € = xoys. Either €] is an edge of G, or G contains a path
r121y1 where x1, z1 are joined to vy, and z; has degree 3 in G. We say that
z1 exists in that case. Let H denote the subgraph of G — vy which is the
union of all paths from zs to ys having only 2 and yo in common with B.

Consider first

Case 2.1. z92€ Vs, yo€ V). We may assume that H+wvo+x2ys is 3-colorable
since otherwise it is a smaller counterexample to Theorem 5.1.

We may extend any 3-coloring of H + vg + x2y2 to G unless either z;
exists and x1, y; belong to distinct sets Vi, Va (say y1 € Vi, 21 € Va) or else
z1 does not exist and x1, y; belong to the same of Vi, V5, say V5. All cycles
in G —wvg through e; and es are even. Hence all cycles in G—wvg—e; through
x1 and e are odd (and such cycles exist since B is 3-connected). Since vy
is not of type 1, the paths from x1 to es in these cycles are even. Then it is
easy to see that vy cannot be joined to any vertex z’ in Vj since any cycle in
G—vp—eq through es and 2’ could be extended to a TOKS showing that vy is
of type 1. In particular, v is not joined to ys. Now let H' be obtained from
H +vg by identifying vy and ys and adding the edge y2x2. Any 3-coloring of
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H’ can be extended to a 3-coloring of G (by letting all vertices of V; have
the same color as yo and letting all vertices of V5 \ {z1,y1} have the same
color as zo and then giving z; or y; the third color). So H’ satisfies the
conclusion of Theorem 5.1. Since B—¢) is 2-connected, it has two paths Py,
Ps from ys to 1 and x9, respectively, having only y2 in common. Using these
paths and the edge x1vg we conclude that G contains an odd subdivision of
H', and so it follows that G satisfies the conclusion of Theorem 5.1 unless
vp is the distinguished vertex of a strong TOKS in H’. Let M denote the
corresponding subgraph in H+vg (or in H+4wvg+yaxe). If yo has degree 0 or
>2in M, then it is easy to see that either vg is the distinguished vertex of
a strong TOKS in G or else that G has a TOKS having y» but not vy as a
branch vertex (possibly using the paths P;, P, above). So we may assume
that yo has degree 1 in M, possibly ys is joined to x5 in M. Then we add to
M a cycle C' in B’—xz5 such that C contains y and e; and conclude that vy
is the distinguished vertex of a strong TOKS unless ys is joined to xs in M
but not in G. Then we let y5 be a neighbor of x5 in B’ and now we let C' be
a cycle in B’ —x9 containing y5 and e;. (C' may contain ys which will create
no problem.) This cycle C exists unless all neighbors of x5 in V; have degree
2 in B’. Then none of these neighbors equals y; (because otherwise B would
be a K3 and not a 3-connected graph and we would be back to Case 1).
Now we construct H’ and argue as above except that we do not include the
edge Yoo in H'. The arguments above now work unless the new H’ has a
3 -coloring where yo and x5 have the same color 1 say. If z; does not exist,
we color y; by 3, all vertices of V5\ {x2,y1} by 2 and then successively color
the vertices V] none of which is joined to more than two colors. If z; exists,
then we color x1, 21, y1 by 2, 3, 1, respectively, all vertices of Vo\{z2} by 2,
and all vertices of Vi \ {y1,y2} by 3. This completes the discussion when x,
yo belong to distinct sets Vi, V.

Case 2.2. Assume now that zs, yo € V7. We form a new graph ) from G
by deleting V; \ {x2,y2} and identifying all vertices of V5 into one vertex
zp. If vy is joined to some vertex of V5, then vy is also joined to zg in Q.
Since B is 3-connected, any configuration in () satisfying the conclusion of
Theorem 5.1 can be transformed to a similar configuration in G. Since Q
is smaller than G (by the assumption of Case 2), @ is 3-colorable. Since a
3-coloring of ) can not be transformed into a 3-coloring of GG, we conclude
that either z; exists and x1, y; are in distinct sets V;, V5, or else z; does not
exist and 1, y; are in the same of the sets V;, V5. Therefore, Case 2.2 splits
up into Cases 2.2.1, 2.2.2, 2.2.3 below.

Case 2.2.1. z; exists. If 21 € V5, then any cycle of G — {vg,y1} through
x1 and ey is odd. (Recall that all cycles through e; and ey are even since
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otherwise vg is of type 1.) But then vy cannot be joined to any vertex z’
of V1 (because any cycle of G — {vg,z1} through 2/ and ey could then be
extended to a TOKS in which vy is of type 1). But now the above 3-coloring
of () can be extended to GG by giving all vertices of V5 the same color as zg
and all vertices of V; \ {x2,y2} the same color as vy and finally coloring z1,
a contradiction. We assume now that xz1 € V7. Then we may assume that vy
is joined to no vertex of V5.

Consider again H + vyg. We add the edges vgxsa, voyo if they are not
already present. Any 3-coloring of the resulting graph can be extended to
a 3-coloring of G by first giving all vertices of V5 the same color as that
of vy and then giving V;j \ {x2,y2} another color. So we may assume that
H+vg+vgxo+ugys satisfies the conclusion of Theorem 5.1. The configuration
implied by Theorem 5.1 may contain the edges vgxo, voy2. We replace these
edges by two odd paths Py, P, in B’ —xy from y; to {x2,y2}, such that
PiNPy={y;} together with the even path y;21v9. The only problem occurs
when v is the distinguished vertex of a strong TOKS using precisely one of
Vo2, VoY2, say vora. (If the strong TOKS uses both of these edges then G
has a TOKS with y; but not vy as a branch vertex in which case vy is of type
2.) Consider the case where ys is in the strong TOKS even if the edge voyo
is not. In that case we can use the above paths P;, P» and y121v9 to find a
TOKS having y; but not vy as a branch vertex unless yo and xo belong to
the same cycle C' in the strong TOKS in H +wvg+vgrs and can interchange
roles in the TOKS. (If y2 is not on the cycle C' containing 5 but a neighbor
to C then the strong TOKS in H + vy + vgze may be replaced by a smaller
one in H 4 vy + vpy2.) But now the even path from x5 to ys in the strong
TOKS may be replaced by a path in B’ —x12 containing x; and we obtain
a strong TOKS in G. We may therefore assume that ys is not contained in
the strong TOKS in H + vy +vgzs.

By (5.1.1), H+wvy is 3-colorable. If also H +vg+wgys is 3-colorable, then
H + vy has a 3-coloring such that vy, z2, y2 have colors 1, 1, 2 (because
H +vg+voy2+vox2 is not 3-colorable). On the other hand, if H+wvg+wvoys is
not 3-colorable, then it satisfies the conclusion of Theorem 5.1 and we repeat
the argument above with H+uvg+uvgys instead of H+vg+voys+voxe. In that
case H +wvg+wvpys has a strong TOKS containing y» but not xo, and in any
3-coloring of H + vy, the vertices vy and yo have the same color. So we may
assume that H +vg has a 3-coloring such that vy and xo have color 1 and
that gy has color 2 unless xo and y» can interchange roles. We now extend
the 3-coloring of Hyg+wvg by coloring as many vertices of V5 as possible by the
color 1. What remains of B’ cannot be 2-colorable so it must have an odd
cycle C’and that cycle C’ must contain x121y; and a vertex w in V5 joined
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to a vertex of color 1 since otherwise w would have color 1. Recall that w
is not joined to vg. So w is joined to o (or ys if yo can play the role of x3).
But now C’ can be added to the strong TOKS in H + vy +vgxs to obtain a
strong TOKS in G. This contradiction shows that z; does not exist. So x1,
yo are either both in V4 or both in V5.

Case 2.2.2. x1, y; € V1. We apply the reasoning of the previous case with
only minor modifications. We may assume that vg is not joined to any vertex
of V5. We may also assume that H +wvg has a 3-coloring. If the color of v is
distinct from the colors of x2, y2 then we get a 3-coloring of G by giving V5
the same color as vg. So assume that vy and 9 have the same color 1 and
that y, has color 1 or 2. We give all vertices of V1\{x1} the color 2 and z; the
color 3. Since this cannot be extended to a 3-coloring of GG, there must be a
vertex ¢} in V3 of degree >3 joined to x1 and one of zs, y3. Now we repeat
the arguments of Case 2.2.1 (after the assumption that x; € ;) where now
Yy} replaces y; in some of the arguments. For example, H + vy~ vgZ2 + vy
has a strong TOKS with vy as distinguished vertex using precisely one of
the edges voxa, voya, say vors. Moreover, yo is not in that strong TOKS. In
the 3-coloring of H +wvg we may assume that vg and z2 have the same color
1. (Otherwise we consider H + v+ vpy2 and conclude as in Case 2.2.1 that
x9 and yo can interchange roles.) We may also assume that yo has color 2
unless xo and y» can interchange roles. Now we color as many vertices of Vs
as possible by color 1. What remains of B’ (including y9 if yo has color 2)
is not bipartite and we obtain an odd cycle through e; which can be added
to the strong TOKS as in the previous case. This completes the proof when
T1, Y1 € ‘/1 .

Case 2.2.3. x; and y; are in V5. Since all cycles in G —vg through eq, e
are even and hence all cycles in G —{vg,x1} through es and y; are odd it
follows easily that vy is not joined to any vertex of Vj. Also the paths in H
from x9 to yo containing eo are odd. Since G — vy has no TOKS, we may
assume that not all edges from {x1,y1} to {z2,y2} are present. So assume
that y1y2 ¢ F(G). We now let H” be obtained from H + vy by identifying
vo and xo. If x(H") >4, then H” satisfies the conclusion of Theorem 5.1.
Then also G does. (If H” has a strong TOKS and z has degree 1 in the
corresponding subgraph in G, then we add a cycle in B’ — g9 containing o
and e;1.) So we may assume that H” has a 3-coloring, i.e., H + v has a 3-
coloring such that both vy and xo have color 1. Assume that yo has color
1 or 2. Now we obtain a 3-coloring of G' by coloring y; by 2, all vertices
of Vi\{y2} by 1, and all vertices of V5\{y1} by 3, a contradiction which
completes the proof of (5.1.7).
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We may assume that N(vg) does not contain a 3-cycle since otherwise
vg is of type 1. It now follows from (5.1.7) that N(vy) contains a vertex
wp such that all edges of N(vg) (if any) are incident with wg. Let G be
obtained from G by deleting vg and identifying N(vo) \ {wo} into a single
vertex vy. Clearly, x(G1)>4. By the minimality property of G, G satisfies
Theorem 5.1 with vy instead of vg. If v1 is of type 0, 2 or 3, then clearly,
vg is of type 0, 2 or 3 in G. So, we may assume that vy is the distinguished
vertex of a strong TOKS in (. Consider first the case where vy is of type
1, that is, G —wv; has a cycle C such that v; is joined to three vertices x1,
x9, x3 on Cq, and Cq|x1,22], C1[re,x3], Ci[x2, 23] are odd. Let y1, y2, y3 be
vertices in N (vg) \ {wo} such that z;y; € E(G) for i =1, 2, 3. We consider
two cases.

Case 1. G—(V(C1)U{vp}) has no path joining any two of yi, y2, ys3. In
particular yq, yo, y3 are distinct. We shall now apply Proposition 4.2. If
G —vg—x; has an odd path from y; to Cy for i=1, 2, 3, then Proposition 4.2
implies that vg is of type 0, 2 or 3. So we may assume by Proposition 4.2
that all paths in G—vg—x1 from y; to C are even. More generally, we may
assume that there is no odd subdivision of a 1-extension or 2-extension or 3-
extension from y; to C1, vg. Consider the component Q1 of G—(V (C1)U{vp})
containing .

Case 1.1. @, is bipartite with bipartition V;, V5 where y; € Vi. Then no
vertex in V; has a neighbor in C; — zy. Since G — [V(Q1) \ {v1}] is not
a counterexample to Theorem 5.1, it has a 3-coloring. We extend that 3-
coloring by giving all vertices of V} the same color as y;. Since that cannot
be extended to a 3-coloring of GG, there is a vertex u; in Vo which has three
neighbors of different colors. If two of these vertices are in C7, then a path in
Q1 from y; to uy together with two edges from wuy to C; is an odd subdivision
of a 2-extension from y; to C;. So assume that u; has only one neighbor
in C;. Then also u; is joined to vg. If u} =1, then u; can play the role of
y1 and hence no vertex in V5 has a neighbor in C7 — z1 contradicting the
assumption that G—uvy is 2-connected. So u} #z1. Since [G—V (Q1)]U{z1u}}
is not a counterexample to Theorem 5.1 it has a 3-coloring. We extend that
3-coloring by giving all vertices in V; the same color, namely the same color
as v} (unless that color is also the color of vg). Since that 3-coloring cannot
be extended to G we may assume that there is a vertex us in V5 joined to
vertices of all three colors such that precisely one of these is a vertex uf in
C} and another is vg. Clearly u5# u}. Now we consider a minimal connected
subgraph in @)1 containing ¥, w1, uo and we obtain an odd subdivision of a
2-extension or a 3-extension from y; to C'y a contradiction. This completes
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the proof when G — (V(C1)U{vp}) has no path between any two of y1, ya,
ys and 1 is bipartite.

Case 1.2. G—(V(C1)U{vp}) has no path joining any two of y1, y2, ys3, all
paths in G—vg—x1 from y; to C are even, and the above component Q)1 is
not bipartite. Then we let Q)2 be the unique maximal connected subgraph
of ()1 such that Q2 contains y;, and @2 is the union of bipartite blocks
in Q1. Since G — {vg,x1} has a path from y; to Cy and all such paths are
even, (o is nonempty. Let Vi, V5 be the bipartition of QJ2, where y; € V.
Then no vertex in V; has a neighbor in C7 —x1. Let u; be a vertex in Q1
having a neighbor «} in C; — 1. Then u; is in V5, and we say that wuy is
nice. We may assume that every nice vertex has precisely one neighbor in
(1 since otherwise there is an odd subdivision of a 2-extension from y;. Any
vertex in V} which is joined to both x; and v is called neat. (Note that no
vertex in V5 can be joined to both z; and vy since otherwise that vertex
in V5 could play the role of y;.) Finally, a vertex in V4 U V3 is awkward if
it is contained in a nonbipartite block of Q1. If ()2 has two paths P, P
from a nice vertex (say wu;) to a neat vertex (say y1) and an awkward vertex
(say z1), respectively, such that Py NP, ={u;} (possibly P, =), then it
is easy to find an odd subdivision of a l-extension or 2-extension from y;
because (1 has a path P3 of any prescribed parity from z; to a neighbor
of Cy such that PsNQ2={z1}. So we may assume that no such paths P,
P, exist. But then ()9 has a cutvertex z9 such that some component Q3 of
Q2 — 72 contains a nice vertex (say wj) but no neat vertex and no awkward
vertex. Choose zo such that Q)3 is smallest possible. Then a vertex wuo in
VoN[V(Qs)U{22}] may be joined to u} but to no other vertex on Cj. For
otherwise, the minimality of Q3 implies that Qs has two paths P, P, from
uy to ug and zy, respectively, such that PyNPy={u1} (or Py =Py if ug=29),
and hence there is an odd subdivision of a 2-extension from y;. We may also
assume that no nice vertex w in @3 is joined to vg. For otherwise we obtain
an odd subdivision of a 1-extension from w by taking a path in Q)2 from w
to an awkward vertex and then extending that to an odd path from w to x;
using a nonbipartite block of Q1. (Note that the path has to end at x; on
(4 since all paths in G —vg—x; from y; to C; have the same parity.) Now
we delete Q3 from G. If z9 €V} and some vertex of V(Q3) NV is joined to
x1 we also add the edge zow1. If 290 € Vo we add instead the edge zou). By
the minimality of G, the resulting graph has a 3-coloring. We now obtain
a contradiction by extending the resulting 3-coloring to G as follows. Let
1€{1,2} be such that z, € V. If possible, we give all vertices of V;NV(Q3)
the same color as 2o, and then we can color the vertices in V3_; NV (Q3)
successively. If this is not possible, then zo and vy have the same color. But
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then we can give all vertices of V3_;NV(Q3) the same color namely a color
distinct from that of 29 and u} if i=1 or that of 29 and z; if =2, and then
color the vertices in V;NV (Q3) successively. This completes the proof when
G —(V(C1)U{vp}) has no path between any two of y1, y2, ys3.

Case 2. G—(V(C1)U{vp}) has a path Py (possibly of length 0) between y
and y3 such that y1 ¢ V(FPy). If Py is even, then G has a TOKS containing
C1UP,y and with branch vertices z1, T2, T3, y3. So we may assume that P
is odd. If G—(V(C1)U{vp}) has a path P; from y; to Py, then the notation
can be chosen such that PyU P, contains an even path P, from y; to ys. If
P> does not contain ys, then we obtain a contradiction as in the above case
where Py was even. On the other hand, if P, contains g9, then G has a TOKS
with branch vertices vg, y1, y2, y3 showing that vy is of type 3. So we may
assume that G— (V(C1)U{vg}) has no path from y; to Py. We now define
@1 as the component of G—(V(C1)U{vp}) containing y; and we repeat the
reasoning from the previous paragraphs (Case 1) and we complete the proof
by applying Proposition 4.1 rather than Proposition 4.2. This completes the
proof if vy is of type 1 in Gy.

Let H; denote the strong TOKS in G having v; as the distinguished
vertex. Choose Hp such that Hy —wv; has as few cycles as possible. We may
assume that H; —wvq has at least two cycles. Let C7 be a cycle which is an
endblock of Hy—v;. Let H be the subgraph in G corresponding to Hy (such
that no vertex in H has degree 0). If some vertex in H but not H; —v; has
degree at least 2 in H, then it is easy to find a TOKS showing that vy is of
type 0 or 2. So we may assume that each vertex in H corresponding to vy
in Hq has degree 1 in H. Let y1, y2 denote the two vertices of degree 1 in H
joined to say x1 and x9 (respectively) in C. Let z3 denote the unique vertex
in H{—w1 which is not in Cy but joined to a vertex x3 in C;. Let C5 denote
the cycle in H; —wv; containing z3, and let 21, zo be the two other vertices
on Cy having neighbors (in H) wuy, ug (respectively) that are not in Cs.

Let P denote a path in G—vg—x1 from y; to H —y;. If the other end
of P; is in the component of H — z3 containing Cs— 23, then G has a TOKS
with branch vertices y1, €1, z2, x3, a contradiction. For the same reason, P;
must be odd if its other end is z3. If the other end of P; is z3, then we also
consider a path P, in G —vg— 29 from ys to HU P; —yo. The other end of
P, must be on P, UC;. If the other end of P, is on Pj, then it is easy to
show that vg is of type 2 or 3, a contradiction. So the other end of P, must
be on Cj. Then we repeat the argument of the previous case (where vy is
of type 1) to conclude that G — vy has an odd subdivision of a j-extension
(7=1, 2 or 3) from y, to Cy. By Proposition 4.1, G has the desired TOKS,
a contradiction. So, P; must have an end on Cy +ys. If an end of P; is o,



442 CARSTEN THOMASSEN

then P; must be odd since otherwise G has a TOKS with branch vertices
Y1, T1, T2, x3. If P; cannot be chosen such that y, is an end, then G — v
has an odd subdivision of a j-extension (j =1, 2 or 3) from y; to C; for
i=1, 2 such that these extensions do not intersect the component of H —x3
containing zs.

Now we focus on z3. Consider the case where G — vy — x3 — 23 has no
path joining the two components of H —x3— z3. In that case every path in
G — vy — x3 joining the two components of H —x3 (and such paths do exist)
must have z3 as an end. But then we repeat the argument of the case where
v1 18 of type 1 to conclude that G—vy has an odd subdivision of a j-extension
from 23 to C; containing no vertex of H — (Cy +y1 +y2+23). (We treat 23
as a vertex which is both awkward and neat.) Then the proof is completed
using Propositions 4.1 or 4.2. We may therefore assume that G—vg—x3—23
has a path @) joining a vertex wy of C1+y1+y2 with a vertex ws in the other
component of H —x3— 2z3. We may assume that w; is in C. We may also
assume that wo is in Cs for otherwise it is easy to find a TOKS containing
C5 having z1, 29, z3 and one of wy, wo, x3 as branch vertices.

If C5 has a path Q' from 23 to ws such that @’ contains at most one of
21, 22 and Q'UQ is odd, then we consider an even path Q" in H from 23 to a
neighbor of vg such that Q”"NQ"={23} and such that Q" contains a subpath
in C from z3 to one of 21, zo. We complete the proof by Proposition 4.1
or 4.2 since QUR'UQR"U{z3x3} is an odd subdivision of a 1-extension from z3
to C1. So we may assume that wy € C3]z3,21] and that Ca[z3,ws] and @ have
the same parity. The minimality of H; implies that C1UCUQU{x3z3} does
not contain an odd cycle which is divided into three odd paths by three of
21, 22, T1, 2. This implies that wy is in Cy[x3,21]UC [x3, 2], w1 # 21,22 and
that C[r3,w;] is odd. But then Cyz3,w2]UQ is even and can be extended
to an odd subdivision of a weak 2-extension from z3 to C7. Now the proof
is completed by Proposition 4.2. ]

Acknowledgement. Thanks are due to Tommy Jensen for his careful read-
ing and numerous comments.
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